arXiv:alg-geon[i/9507001vl 4 Jul 1995 


GENERAL n-CANONICAL DIVISORS ON 
TWO-DIMENSIONAL SMOOTHABLE 
SEMI-LOG-TERMINAL SINGULARITIES 

MASAYUKI IWAMOTO 


1. Introduction 

This paper is devoted to some fundumental calculation on 2-dimensional 
smoothable semi-log-terminal singularities. If we study minimal or 
canonical models of one parameter degeneration of algebraic surfaces, 
we must treat singularities that appear in the central hber. Smoothable 
semi-log-terminal singularities are the singularities of the central hber 
of the minimal model of degeneration, and the singularities of the cen¬ 
tral hber of the canonical model of degeneration which may have large 
Gorenstein index. Kollar and Shepherd-Barron caracterized these sin¬ 
gularities in ||K-SB|| , but for numerical theory of degeneration, we need 
more detailed information. 

In this paper, we calculate general n-canonical divisors on these sin¬ 
gularities, in other words, we calculate the full sheaves associated to 
the double dual of the n-th tensor power of the dualizing sheaves. And 
the application of this result, we bound the Gorenstein index by the 
local self intersection number of the n-canonical divisor. 

Notation: In this paper. 


[Qi, 92, qs, ■ ■ ■] = qi + 


92 


93 + 


[[ 91 , 92 , 93 ,...]] = gi - 


92 - 


93 - 


If p : X —X is a birational morphism and D is a divisor on X, we 
denote by D the proper transform of D on X. 
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2. Basic calculation 


Let F be a cyclic quotient singularity of the form Spec(C[F f, Fj^])/(«), 
where (a) is a cyclic group of order r and a acts on Spec(C[F f, Ff])/(«) 
as a*Z 2 ) = (r/'^Zi, rjZ 2 ) in which is a primitive r-th root of unity, 

T 

(r, s) = 1, and 0 < s < r. Let - = q 2 ■,■■■■, <ik\] be an expansion 

into continned fraction, and r* be the i-th remainder of the Enclidean 
algorithm, i.e. ^ seqence determined by vq = r, ri = 

Pi 

s,ri-i = qiVi - Ti+i. Let be the i-the convergent, i.e. 

is a sequence determined by P_i = 0, Pq = 1; Pi = qiPi-i — Pi -2 and 
{Qi}i=-ifl,...,k is determined by Q-i = -1, Qo = 0, Qi = qiQi-i - Qi- 2 - 
Let / : Y be a quotient map, and p :Y ^ Y the minimal desin- 

gnlarization. It is well known that the dual graph of the exceptional 
divisors of p is a chain of rational curves Ui<i<kEi such that Ef = —g*. 
We put 

jP.A, (forj<i) 

\i = Pi-i, Pi = ri, ai = 

—XiPj (for i < j) 

\ m 

Note that ciZi" + C 2 Z 2 " is a (Q;)-semi-invariant since riPj — tqQ^ = rj+i. 

Lemma 2.1. LetCi he a divisor onY such that f*Ci = {ciZ^' +C 2 Z 2 " = 
0) in which Ci, C 2 G C*. Then 

(i) Ci ■ E, = 6ij (ii) p^Ci = Ci + J2 

Proof. If we write Y = Tjvemb((j), where N = Zkf + Zkf and 
a = M>fXf + — ~)xf + Xf], then Pj corresponds to (Pj-i — 

Qi_i)ni + Pj_in 2 . The rest of proof is a direct calculation using the 
above description and the formula PjQi-i — QiPi-i = — 1, and it can 
be easily done. □ 

Next lemma is a easy fact on continued fraction. We denote by (2, q) 
the seqnence (2,2,..., 2) of length q. 

Lemma 2.2. Let a, m be a natural number such that {a,m) = 1, 
Y < a < m. Put b = m — a. Let — = [gi, g 2 , • • •, qk]- Then 
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(i) If k is even, 

TTl 

— =[[(2; Qi), Q2 + 2, (2, ga — 1), g4 + 2,..., (2, — 1), qk-2 + 2, 

a 

(2, qk-i — 1), qk + 1]] 

TTl 

=[[^1 + 2, (2, q2 — 1), ga + 2, (2, g4 — 1), gs + 2,..., (2, qk-2 — 1), 
qk-i + 2, (2, qk + 1)]] 

(ii) If k is odd, 

TTL 

— =[[(2; Qi), Q2 + 2, (2, ga — 1), g4 + 2,..., g^.a + 2, (2, qk-2 — 1), 

(X 

qk-i + 2, (2, qk — 1)]] 

TTL 

=[[Qi + 2, (2, g2 — 1), ga + 2, (2, g4 — 1), gs + 2,..., (2, qks — 1), qk-2 + 2, 
(2,gfc_i - l),qk + 1]] 

Proof. Since this is elementary we left it for the reader. □ 

In the rest of this section we shall index the exceptional divisors 
of the minimal (semi-) resolution smoothable of the semi-log-terminal 
singularity. 

First we treat the normal case. Let {a,d,m) be a triplet of positive 

integers such that a < b and a is prime to m. We denote by Xa^^m 

a 2-dimentional quotient singularity of the form Spec(C[F f, PfA )!{^)i 

where {a) is a cyclic group of order drn^ and a acts on Spec(C[F f, Ff]) 

as a*{zi,Z 2 ) = zi, ez 2 ) in which e is a primitive drn^-th. root of 

unity. By [K-SB Proposition 3.10], a singularity of class T which is 

not RDP is analytically isomorphic to Xa^d,m for some {a,d,m). Let 

/ : be a quotient map and p : Xa 4 ,m —^ Xa 4 ,m the minimal 

desingularization. We assume 2a > m since Xa,d,m — Xm-a,d,m- Put 
a 

b = m — a, and let - = [gi, g 2 ,..., qk] be an expantion into continued 
fraction. Let be the f-th remainder of the Euclidean algorithm, i.e. 

is a sequence determined by ro = a,ri = m — a,ri-i = 
p. 

QPi + rj+i. Let be an the i-th convergent, i.e. {Pi}i=-ifi,...,k is 

a sequence determined by P_i = 0,Po = I, Pi = QiPi-i + Pi -2 and 
is determined by Q-i = 1, Qg = 0, Qi = qiQi-i -h Qi- 2 - 


Lemma 2.3. Let m, a, b, d be positive integers such that m = a + b, 

a > b, {a,b) = 1. Let — = [gi, g 2 , • • •, O’?;] be an expansion into continued 

b 

fraction. Then 


dma — 1 
dmb + 1 


[gi, ^2, • • •, 
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where q[ is as follows. 

(i) If d = 1 and k is even, 


Qi 

(* = 1) 

Qi 

{2<i<k-l) 

Qk + I 

{i = k) 

Qk-I 

{i = k + l) 

q2k-i+l 

{k + 2 < i <2k — 1) 

qi + 1 

{i = 2k = k') 


(ii) If d = 1 and k is odd, 


Qi= \ 


qi 

(^ = 1) 

qi 

{2<i<k-l) 

^ gfc -1 

{i = k) 

+1 

{i = k + l) 

q2k-i+l 

{k + 2 <i <2k — 1) 

qi +1 

{i = 2k = k') 

is even. 

'qi 

(* = 1) 

qi 

{2 <i <k) 

d — 1 

{i = k + l) 

< 1 

{i = k + 2) 

gfc -1 

(i = fc -|- 3) 

q2k+3-i 

(fc -|- 4 < i < 2/c -|- 1) 

+ 1 

{i = 2k + 2 = k') 

is odd. 

'qi 

{i = l) 

qi 

{2<i<k-l) 

qk-I 

{i = k) 

< 1 

{i = k + l) 

d — 1 

{i = k + 2) 

q2k+3-i 

{k + ?) <i <2k + 1) 

^qi +1 

{i = 2k + 2 = k') 


By Lemma ^ and p.3|, we can calculate the dual graph of the ex¬ 
ceptional divisors of p in terms of the continued fraction expansion of 












is the same for odd k. We shall index the exceptional divisors in the 
following manner. Set the index set Io,Ie, I as follows: 

lo = {(h j)|l < i < k + l]i odd; 1 < j < gj(for i < k + 1),1 < j < d{foT i = k + 1)} 
-^e = {(h j)|l < * < + 1; * even; 1 < j < gi(for i<k),l<j<qk — l(for i = k)} 

/ = /onJe 

We dehne p*, A*, A*, A*, p.*, p*, p* for {i,j) e I as follows. 


p] = ri_i - (j - l)ri 



Pi-2 + (j ~ 

—{Pi-2 + {j — + dap^j 


((hj) e lo) 

((hi) e le) 



Qi-2 + (i — P)Qi-l 
— {Qi-2 + (i ~ + dbp'j 


((hj) e lo) 
iihj) e /e) 




— {Qi-2 + (i ~ + dbp^- 

Qi-2 + (i ~ l)Qi-l 


((hj) e Jo) 

((hj) e Je) 



We can write Y = Ti\femb{a), where 


N — + (J — “1“ IK.»^[()> + Ih) X;|^ + x>^] 

We denote by Ej the exceptional divisor associated to A^rii + A*?7,2. 


Note that by Lemma p.l| , for l E I, the proper transform of = 
{ciZ^''+C 2 Z 2 ")/{a) G Xa^d,m intersects the exceptional locus transversely 
at E^. We dehne the order ‘<’ in the index set I by the lexicographic 
order. 

Next we treat the non-normal case. We denote by iVC^ = SpecC[FT f]/ {E fF 
a 2-dimentional normal crossing point. Let {a,m) be a pair of positive 
integers such that 0 < a < m and a is prime to m. Put b = m — a, and 
let a' and b' be integers such that aa' = bb' = 1 (mod m), 0 < a' < m, 
and 0 < 6' < m. Let (a) be a cyclic group of order m, and let (a) 
act on NC"^ as {a*Zi, a*Z 2 , a*z^) = {e°''Zi,e^'Z 2 ,ezs) where £ is a prim¬ 
itive m-th root of unity. We denote by the quotient of NC"^ 
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by this (Q;)-action. By [K-SB], 2-dimentional smoothable semi-log- 
terminal singularity which is neither normal nor is analytically 
isomorphic to for some (a, m). Put X = Let / : NC'^ X 

be the quotient map and p : X ^ X the minimal semi-resolution. Let 
^ n ^ NC^, gx ■■ XollXe^ X, and B ^ X be 

normalizations, where = SpecC[F= SpecC[FF f], 
(resp. Xe) is the quotient of (resp. C^), and Xq (resp. Xe) is the 
minimal resolution of Xq (resp. Xg). We get the following diagram. 


f If 

'XI 

9 

nC^ 


/oU/e 


^ x„nx, 4 

9x 


PoUpe 


->• 


X 


<- 


x„nXe 

9x 

X 


We denote by A, A', and A the double curve of X, XC^, and X 
respectively. Let Ag (resp. Ae) be the inverse image of A in X^ (resp. 
Xe), and dehne A(,, A^, Ao, and Ae similarly. We assume k is even. 
Set the index set Jo, le, I as follows: 


h = {(b j)|l < i < k + l]i odd; 1 < j < gj(for i < k),j = l(for i 
le = {(b j)|l <i<k + l]i even; 1 < j < g*} 

/ = /o n Je 


We dehne A*, p* for {i,j) G / as follows: 


A* 


Pi-2 + Qi-2 + (j ~ 1)(-Pi_l -|- Qi-l) 

ri_i - {j - l)ri 


((bj) e lo) 
((bj) e Je) 


k + 1)} 


i _ If- 1 - (j - i)f {{i,j)elo) 

^ \^Pi-2 + Qi-2 + (j ~ 1)(-Pi-1 + Qi-l) ((b j) ^ Q) 

We dehne A*, A* for {i,j) G Q as follows: 

A) = Pi-2 + (j ~ A* = Qi-2 + (j — l)Q*-i 

We dehne /i*, /i* for (i,j) G A as follows: 

/t} = Pi-2 + (j — b-} = Qj-2 + (j — l)Qj-l 

We write Xo = TAroemb((T") and Xe = T/veemb((T®) where 

X° = Z<+Z><^, + M>^(k^ + >><^) 

X = ZK||z “1“ ZKj2£, (J = “1“ ]R.>j/(BK|jz “1“ F^^) 
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For {i,j) G lo (resp. G /e), we denote by i?* the exceptional divisor of 
which associated to A*n° + A*n 2 G N° (resp. + G 

(resp.Je), the proper transform 


Pe 


Po iresp 

N^). Note that by Lemma p.l|, for l 


G Jo 


of C, = (ci^3 + C2Z^'-)/ {a) G Xo (resp. C, = {ciz^ + C2^3')/(a) G X^) 
intersects the exceptional locns transversly at E,^. We dehne the order 
in I as the same way as the normal case. 

In the rest of this paper, we treat Xa,d,m and Xa^m simultaneonsly, 
otherwise we specihcally state the normal or non-normal case. 


3. A-expansion and p-expantion 

In this section we introdnce the notion of A-expansion and //-expansion, 
which is the key in this paper. 

Definition 3.1. Let L = j 3 ,h, ■ ■ ■, jk-i,h) be a sequence of 

non-negative integers which is not (0, 0,..., 0). We call L a X-sequence 
if it satisfies the following conditions. 

(i) li < qi + 1 if i ^ k, and Ik < qu; ji < Qi for all odd i, and ji ^ 1 
ifi 7 ^ 1 

(ii) If k = qif^ 1, then there exists odd ii and *2 which satisfies the 
following conditions. 

(a) ii < io < i 2 < k — 1 

(b) lii = qii for all even i' such that ii < i' < i 2 and i' ^ i^; fii = 0 
for all odd i' such that ii <i' < i 2 

(c) ifii>3 and < qt^ 

(iii) If k = qif^ and jiQ+i > 2, then there exists odd i^ which satisfies 
the following conditions. 

(a) Z 3 < io 

(b) /j/ = qii for all even i! such that is < i' < io; jr = 0 for all 
odd i' such that is <i' < io 

(c) /i 3 _i < gi 3 _i ifis>^ 


Definition 3.2. Let M = (Zi, j 2 , ^ 3 , 14 , • • •, 4-i, jfc) be a sequence of 
non-negative integers which is not (0, 0,..., 0). IFe call M a jx-sequence 
if it satisfies the following conditions. 

(i) h < qi 1 for all odd i; 2 < ji < qi for all even i 

(ii) Ifk = qiQ 1, then there exists even ii and /2 which satisfies the 
following conditions. 

(a) 0 < ii < io < i 2 < k 

(b) lii = qi' for all odd i' such that ii < i' < /2 and i' 7 ^ io; jr = 0 
for all even i' such that ii <i' < *2 

(c) hj-i < qi^ ifii > 2, /i 2 +i < qi^+i if k < k - 2 
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(iii) If k = qig and ji^+i > 2, then there exists even is which satisfies 
the following conditions. 

(a) 0 < is < io 

(b) /j/ = Qi' for all odd i' such that is < i' < io; jr = 0 for all even 
i' such that is < i' < io 

(c) /i3_i < gj3_i if is >2 

We denote by S\ (resp. Sfi) the set of all A- (resp. /i-) sequences. 
Let L be a A-sequence and h an integer such that 1 < h < k — 1. We 
say that the condition *{h) holds for L if the following condions hold. 

(i) If h is odd, 

^ + A*J < Ph + Qh 

3<i<h 
i odd 

(ii) If h is even, 

Aj. + + lhXi~^^ < Ph-l + Qh-l + Ph + Qh 

3<i<h-l 
i odd 

If Ih < Qh or jh+i > 2 also hold, 

E ik-iX\ + X]J + kX^,+^<P,, + Qh 

3<i<h-l 
i odd 


Lemma 3.1. *{h) holds for all L E Sx and for all h = 1, 2,..., /c — 1. 

Proof. We use the induction on h. It is clear that *(1) holds. Assume 
that 2 < h < A; — 1 and that *{h) holds for all h such that h < h. 

First we treat that the case where h is odd. 

If jh > 2, then by *{h), 

Ajj + {li-iX\ + X^jJlh-iXi < Ph-i + Qh-i 

3<i<h-2 
i odd 

{li-iX\ + X)f) < Ph-i + Qh-i + Xj^ 

3<i<h 
i odd 

= Ph-l + Qh-l + jhiPh-1 + Qh-l) 

< Ph-2 + Qh-2 + QhiPh-l + Qh-l) 

= Ph P Qh 
8 


Hence 



If jh = 0, by - 1) 


A]i + ^ ^ + A}J + 

3<i<h 3<i<h-2 

i odd i odd 

< Ph-2 + Qh-2 + Ph-1 + Qh-1 
^ -P/i + Qh 


Next we treat the case where h is even. We divide the proof into 
four cases as follows 


(1) Ih < qh (2) Ih = Qhjh = 0 (3) Ih = qh,jh > 2 {4) k = qh + I 

(1) By 


Ajj + + A*J < Ph-1 + Qh-1 

3<i<h-l 
i odd 

Hence 


Aj^ + (h-iA^ + A*J + < Ph-i + Qh-1 + {qh — + Qh-i) 

3<i<h-l 
i odd 


< Ph 4- Qh 


(2) By *{h - 1), 

A]^ + {li-iX\ + A*J + lhXi~^^ < Ph-l + Qh -1 + qh{Ph-l + Qh-l) 

3<i h-1 
i odd 


< Ph-l + Qh-1 + Ph + Qh 


(3) By (hi) in Dehnition |3.1|, there exists odd h' such that Ih'-i < 
qh'-i and 


{jh'y ^h'+ly jh'+2i ^h'+3y ■ ■ ■ y jh—ly (0, qh' + ly 0, qji'-\-Sy • • • ) 0) *?h) 
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Hence by *{h' — 1), 

Aji + ^ 

3<i<h-l 
i odd 

3<i<h'-2 
i odd 

{h-iK + ^)i) + 

/i'+2<i</i-l 
i odd 

<Ph'-l + Qft'-l + ^2 Qi-l{Pi -2 + Qi- 2 ) 

h'+2<i<h+l 
i odd 

=Ph + Qh 


(4) By (ii) in Definition |3.11, there exists odd h' such that Ih'-i < 
and 

{jh'-, lh'+l-,3h'+2-, 4'+3, J/i'+4, • • • , lh-2,jh-l, h) 

= (0, gh'+i, 0, qh'+ 3 , 0,. . ., qh- 2 , 0, qh) 

Hence by *{h' — 1), 

A]i + ^ (h-iA*! + A*J + /hAi"^^ 


3<i<h-l 
i odd 


i h-\-l 


—A]i + ^ (^j-iA*^ + A*J + 

3<i<h'-2 
i odd 

(^j-iA*i + A*J + IhXi 

h'+2<i<h-l 
i odd 

<Ph'-l + Qh'-l P <?i-2(-Pi-2 + Qi-2)(<?h + + Qh-l) 

h'+2<i<h-l 
i odd 

= Ph-l + Qh-1 P Ph P Qh 


□ 


We define the order in Sx as (ji, h, ■ ■ ■, 4) < (ji, 4; ■ ■ ■ 5 4) if 
only if there exists i such that ji < j[ or /j < /' and that jh = j^, 
Ih = I'h for all h > i. 

Let n be a map from Sx to Z defined by 

'^'(4,42, • • • , 4-1, JA;) = Aj^ + P X^jJ P 

3<i<k-l 
i odd 
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Proposition 3.1. The map v is an order isomorphism from S\ to 
{n e Z|^ < K < > - IK} 

Proof. First we show that L < L' implies v{L) < v{L'). Let L = 

(ji, k, ■ ■ •, jfc-i, 4) and L' = {j[, 4, • • •, 4) be A-sequences such 

that L < L'. Put 

io = max{i|/^ = /I and ji = for alH > i} 

If 4 is odd, 

v(L‘) - v(L) > A» - A» - {A‘. + Y. ('-Oi + 4) + '-.-Oi"} 

i odd 

Note that 

yio _ yio ^ f-4o-l + Qio-l (if J*0 — 

■^*0 \-4o-2 + Qio-2 + -4o-l + Qio-l (if jio ~ 0) 

Hence by *(io — 1), v{L') — v{L) > 0 
If io is even, 

v{L') - v(L) > (II - /„)A»+‘ - {Aj. + 5^ (/._iA; + Aj.)} 

i odd 

> fio-i + Qio-l ~ ^ (h-1^1 + A^)} 

3<i<^o —1 
i odd 

Hence by ^(io — 1), v(L') — v(L) > 0. Thus we have done. 

Note that max^A = (/, H^, /, Ha, h • • •, H||_£, /, H||). Thus v is an order¬ 
preserving injection into {n G Z|IK < x < > — IK}. Hence the rest we 
must prove is that it is a injection into {n G Z|IK < x < > — IK}. Note 
that 1 = Aj < A} < ■ ■ ■ < Ag^ < Af < A 2 < .... Thus it is sufficient to 
show that Im(n) 3 {n|l <n< A^} implies Im(n) f) {n|l < n < 

Let n be an integer such that \\ <n < We divide the proof into 

two cases. 

(I) A^ < n < A 2 or g/j = 1 (H) <n < 

(I) Write n = Ih-iX^ -K n' such that 0 < n' < A^ It is clear that 
4-1 < Qh-i + 1- By the induction hypothesis, there exists L' = 

(ji,4, • •. ,4-3, Jh-2,0 ,... ,0) such that v{L') = n'. Put L = (ji,/ 2 ,..., 4-3, j/ 1 - 2 , 4-i, 0,... ,0). 
Assume that L is not a A-sequence. Then by the definition of A- 
sequence, we get Ih-i = qh-i + 1 and there exists h' such that 

(4', j/i'+l, 4'+2, j/A'+3, 4'+4, ih'+S, • • • , 4-3, jh-2, 4-l) 

= {qh' + 1, 0, gft'+2, 0, qh'+A, 0 ,..., g^-s, 0, qh-i + 1) 
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or 


{jh'Jh'+l,jh'+2, lh'+3,jh'+4, • • • , lh-3,jh-2, Ih-l) 


= {jh', Qh'+U 0, qh'+3, 0,..., qh-3, 0, qh-i + 1) 
and jh' > 0. In the both cases it is easily checked 


n > 


'5 (if 91. > 2) 

Af+‘" (if9i = l) 


and this is a contradiction. Thus L is a A-sequence, so we have done. 
(II) Put jh = niax{j|j > 2, Xj < n). Clearly jh < qh- Since n — X^^ < 
qh, there exists L' = (ji, h, ■ ■ ■ ,jh- 2 , Ih-i, 0,..., 0) such that v{L') = 
n—X’j^ by the induction hypothesis and (I). Put L = (ji, I 2 , ■ ■ ■ ,jh- 2 , Ih-i 
We can check L G iSa by the definition of A-sequence. □ 


When we write n = X] + Y.3<i<k-i{h-iX\ + X) ) lkXi~^^ where 

i odd 

(ji, / 2 ,..., Ik-iijk) is a A-sequence, we call this expression a X-expansion 
of n. By the above proposition, n = l,2,...,m — 1 has unique A- ex¬ 
pansion. Note that the proof of Proposition |3.1| shows how to calculate 
A-expansion of actual number. 

When we write n = J2‘^<i<k{h-iP^\ + where {h,j 2 , • • •, h-ijk), 

i even 

we call this expression a fi-expansion of n. Similarly to A-expansion, 
we can prove that ?7, = l,2,...,m — 1 has unique p-expansion. 


4. General n-CANONicAL divisors 


Let (y, y) be a 2-dimensional rational singularity, and p -.Y —> V be 
the minimal desingularization. Let M be a reflexive module of rank 1 
on y, F{M) the full sheaf associated to M. (For the definition of full 
sheaf, see ||ESN||. ) In this situation. 


Definition 4.1. Let D be a member of \M\. We eall D a general 
member of\M\ if D is a member of\F{M)\ and intersects the exeptional 
locus transversely. 


Note that general members always exist since the full sheaf is gen¬ 
erated by global sections. Let E = UiEi be the exeptional locus, and 
write p*D = D + a{D)iEi. 

Lemma 4.1. Let D be a member of \M\ such that D and E intersects 
transeversely. Then D is a general member if and only if the inequality 
Ci{D)i < a{D')i holds for all D' G \M\ and all Ei. 


jh, 0 ,..., 0 ) 
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Proof. Suppose that D is a general member of |M| and D' is a member 
of \M\. The sequence 

(F, Oy{D)) n\Y, Oy{b)) n'{Y\s, Oy{b)) nfif, Oy{b)) 

is exact. Since is a full sheaf ,= TPfiY,Oy{b)) = 

f. Hence H^{Y,Oy{'b)) ~ H'{y, Oy{'D)). Thus D is linearly equiva¬ 
lent to D' + (effective divisor). Hence the inequality holds since D and 
D +'^{a{D')i—a{D)i}Ei are linearly equivalent. Thus we have proved 
only if part. Next suppose that D is a member of \M\ such that D and 
E intersect transeversely and oi{D)i < a{D')i for all D' G |M|. Let Dq 
be a general member of |M|. By the assumption of D, a{D)i < a{DQ)i. 

By the fact that we have already showed, a{D)i > a{DQ)i. Hence 
oi{D)i = a{DQ)i. Thus D and Dq are numerically equivalent, hence 
they are lenearly equivalent since F is a rational singularity. Hence 
Oy{b) is a full sheaf. □ 

Corollary 4.1. Let M and M' he reflexive modules of rank 1 on Y. 

Let Do(resp.DQ) be a general member of \M\(resp.\M'\). Then 

Do-D'q = min{T) ■ D'\D e \M\,D' e |M'|} 

Proof. Let Zl(resp.Zl') be a member of |M|(resp.|M'|). 

D- D' = {p*D) ■ b' 

= {b+ Y,a{DflEi) ■ b' 

>Y,a{DUE,-D) 

>Y,Ci{DoUE,-b') 

= {bo + a{Do)iEi) ■ b 

= p*Do ■ bo = Dq ■ D' 

Similarly we can show Do ■ D' > Do ■ D'o. □ 

In the rest of this section we shall calculate the general element of 
the n-canonical system of semi-log-terminal singularities. We denote 
by C (resp. £; resp. £]) the set of all functions from I (resp. Jq resp. 
le) to Z. 

First we treat singularities of class T. We begin by purely arith¬ 
metical lemmas. Let a, d, m and n be positive integers such that 

m / \ 1 1 T ® r 11 

— < a < m, [a,m) = I and n < m. Let - = [qi,q 2 , ■ ■ ■, qp be 

2 m — a 
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the expantion into continued fraction, be the f-th remainder of the 

Pi 

Euclidean algorithm, and — be the f-th convergent. 

Lemma 4.2. Let {ti}i=i^ 2 ,...,k be a sequenee of non-negative integers 
such that ti < Qi for i < k — 1 and 4 < — 1. Assume that ti^ he 

positive. Then 

(i) If io is even, 

-rio_i < ^ {-iy~^tiri < 0 

io<i<k 

(ii) If io is odd, 

0 < ^ {-iy~^tiri < 

io<i<k 


Proof. We use the induction on k — io. If io = k, it is clear that 
the inequalities hold. Assume that io < k and that the inequalities 
hold for all i'o such that io < *o — Let io be even. First we show 
< 0. If 4 = 0 for all i' such that i' > io and i' is 

odd, 

i-iy~^tiri < -ti^ri^ < 0 

iQ<i<k 

Thus we assume that there exists i' such that i' > io, i' is odd, and 
ti' > 0. Let i'o be the minimum of such i'. By the induction hypothesis. 


Thus 


(-1)* Hiri < n/ - 1 


(-1)* ^Uri < -tijio + y] (-1)* Hiri 

< -UoTio + r*'_1 
= 0 


Next we show 1)* ^Uri > —rjp_i. If 4 = 0 for all i' such 

that i' > io and i' is even, 

y {-iy~^tiri > -ti^riQ > -Qi^rio > 

iQ<i<k 

Thus we assume that there exists i' such that i' > io, i' is even, and 
tj/ > 0. By the induction hypothesis, 

y {-iy~Hiri > 
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Thus 


(- 1 )* ^tiTi > -tio + (- 1 )* HiVi 

io<i<k 

> ~tio ~ ^*0-1 
— Qio^io ^*0+1 
= -rio-i 

The proof is similar for odd io. □ 

Definition 4.2. Let (ti, t 2 , ■ ■ ■, tk) he a sequenee of non-negative inte¬ 
gers whieh is not (0, 0,..., 0). PTe call this a r-sequence if it satisfies 
the following conditions. 

(i) U < qi ifi^k and tk < qk- 

(ii) IfU,-i > 0 and tiQ = qig for some io such that 1 < io < k, then 
tio+i Qio+ 1 ’ //Pfc —2 ^ 0 and tk—i qk—i, then tk qk 1- 

Lemma 4.3. Let (0, 0,, 0, tjp, ... ,tk) be a t- sequence such that 
io is odd and >0. Then 

(i) If k is even, 

{-lf~^tiri = l ^ io = k - I, tk-i = 1,4 = - 1 

io<i<k 

(ii) If k is odd, 

y^ {-iy~'^tiri = l^io = k,tk = l 

io<i<k 

Proof. It can be easily checked and we left it for the reader. □ 

Lemma 4.4. For any integer t such that 0 < t < m — 2, there exists 
a T-sequence {ti,t 2 ,..., tk) such that t = + Qi-i)- 

(We call this expression oft the r-expansion oft.) 

Proof. (Step 1) We can write t = + Qi-i) where 0 < 

U < qi ioi i < k and 0 < tfc < qk. 

(proof) We use the induction on t. By the induction hypothesis, we 
can write t — 1 = X)i<i<fc ^*(-^*-1 + Qi-i)) where 0 < tj < g* for i < A; 
and 0 < tk < qk- If ti < gi, we have done. Assume = gi. Note that 
Z)i<i<fc-i?*(-P*-i + i3i-i) + (?fc-l)(Tfc-i + (5fc-i) =m-2. Hence there 
exists io such that io < k, U = g* for all i < io, and ti^+i < qi^+i (if 
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io < k — 1)] tk < qk — (if io = ^ — !)• Thus 

X]l<*<*0 qi{Pi-l + Qi-l) + (^*0+1 T l)(T’io + Qio)~\~ 

i even 

I X]l <*<*0 qi{Pi-l + Qi-l) + (^* 0+1 + l)(T’io + Qio)P 

I i odd 


V 


'n,iQ+2<i<k ^i{Pi-l + Qi-l) 

(if io is odd) 

X]jo+2<j<fc ^*(-^*-1 T Qi-l) 

(if io is even) 


(Step 2) We write t = Yl,i<i<k'^f\Pi-i + Qi-i) as in (Step 1). If 
there exists io such that ti^-i > 0 , and tjp+i < qi^+i (if 

io < k - 1)] Uq < qi^+i - 2 (if io = /c - 1), we transform (t^^\ ..., t^^^) 
to (tf\. • - ,4^^) = (ti,.. .,tio- 2 ,^*o-i - l,0,fio+i + l,fio+ 2 ,.. .,4). We 
repeat this operation. Since strictly decrease by this oper¬ 
ation, we can get a r-sequence after hnitely many operations. □ 

Remark. We can prove that the r-expansion is unique. 

Put T, V and Tkiin as follows 

T={(s,f)eZ>>.xZ>^|~ + {>(>-D)-^}« = >(>-D)K (>x >^)} 

V = min{s -|- 11 (s, t) G T} 

Pmln = {(s, t) G T|/ -|- U = C} 


Proposition 4.1. (i) If d = 1 and k is even, then 

fT^in = {(\,\)} 

[Tmin = {(\ -|- P\\-oo + Q||-oo; \ ~ + P\\-oo + Q||-oo)} 

(ii) If d = 1 and k is odd, then 

f^min = {(\,\)} 

l^^in = {(\ ~ + P\\-oo + Q\\-oo, \ + P\\-oo + Q||-oo)} 

(hi) If d> 2, then = {(\,\)} 


(n < m - (Pfc_i -h Qk-i)) 
{n>m- {Pk-i + Qk-i)) 

{n<m - {Pk-i + Qk-i)) 
{n>m- {Pk-i + Qk-i)) 


Proof. For a positive integer t, put 

St = min{s|(s,t) G T} 

Since (n, n) G T, we get v < 2n, thus 

V = minjst -|- t|0 < t < 2n} 

Pmim = {(/u, LJ)|/ < U < G\, /u -|- U = □} 

Hence we estimate St for t such that 0 < t < 2n. It is clear that 

Sn 

(Claim I) Assume t < n. Then 
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(i) If k is even, d = 1, n > m — (P^-i + Qk-i) and t = n — m + 
(Pfc-i + Qk-i), then St = n + Pk-i + Qk-i 

(ii) Otherwise St + t > 2n 

(Proof of Claim I) It is clear that sq = dma > 2n, thus we assume f > 0. 
Put t' = n — t. Let t' = J2i<i<k ti{Pi-i + Qi-i) be the r-expansion of t'. 
Put if) = min{f|fi > 0} First let io be even. We must prove Si + f > 0 in 
this case since io = 1 when k is even and t = n — m + Pk-i + Qk-i- Let 
(s, t) be an element in C. We can write s = n + {dm{m — a) — l}t' — s' 
in which s' is an integer. Note that (m — a)t' — mJ2i<i<k^iQi-^ ~ 
Assume s' > Y.i<i<k'^iQi- Then by Lemma 


s < n — t' + dm{{m — a)t' — m tiQi-i} 

l<i<k 

= n — t' + dm (— 

< n — t' — dm 

< 0 


This is a contradiction. Thus s' < J2i<i<k^iQi-^ ~ 
Next put s' = J2i<i<k^iQi-^ ~ Then by Lemma 


s = n — t' + dm (~1)* 

l<j<A: 

> n — t' + dma 

> 2n 


Hence s( = X]i<i<fc ^ s* > 2n. Thus we have done for 

even iq. 

Secondly let Iq be odd. Assume that s' > X]i<i<fc + 1- Then 

by Lemma [4.2|, 


s < n — f' + dm (—1)* ^tiVi — dm^ 

l<i<k 

< n — t' + dma — dm?' 

< 0 
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This is a contradiction, thus s' < Next assume 

s' = Then by Lemma 


s = n 


Hence 


and 


— t' + dm (—1)* ^Ufi > n — t' + dm > 0 

l<j<A: 

St = n — t' + dm Urt 


l<i<k 


St + t = 


t = 2t + dm ^ (—1)* ^ti 


l<i<k 


> 2, then Si+t = 2m > 2n. If d X;i<i<fc(-1)* 

1, by Lemma [4.3| , 

(a) d = 1, fc is even, and t' = m — {Pk-i + Qk-i)- 
or (b) d = 1, A; is odd, and t' = Pk-i + Qk-i- 
In the case (b), 

St + t = 2n — 2{Pk_i + Qk-i) + m> 2n 

In the case (a), 

t = n-m + Pk-i + Qk-i, St = n + Pk-i + Qk-i 


Thus we have done. 

(Claim II) Assume t > n. Then 

(i) If k is odd, d = 1, n > m — {Pk-i + Qk-i)) and t = n + Pfc-i + Qfc-i, 
then St = n — m + Pk-i + Qk-i 

(ii) Otherwise St + t > 2?7, 

(Proof of Claim II) Put t' = t — n. If P = m — 1, then n = m — 1 and 
t = 2m — 2. It is easy to see 


S 2 m -2 = dm{m — a) + m — 1> 2n 

Thus we assume t' < m — 2. Let t' = X]i<i<A: ^*(-^ 2-1 + Qi-i) be the 
r-expansion of T, and put io = min{i|ti > 0}. Write s = n — {dm{m — 
a) — l}t' + dm?s' for (s, t) G T. 

For the case such that Iq is even, we can get 


st = n 


+ t' — dm (—1)* > 2n 




by the similar way using Lemma [4.2| . If t = Pk-i + Qk-i, then zq = fc, 
thus we have done for this case. 

Assume that zq is odd, and let (s,t) G T. If s' < J2i<i<k^iQi-^ ~ I; 
we can get s < 0 by Lemma Put s' = X]i<i<fc Then we 

get s = n + t' - dmY,i<i<ki-^y~^UP If d > 2, then 
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St = n + t' — dm X]i<i<fc(“l)* + dm^^ hence St + t> 2n. 

If dY,i<i<ki-^y~^ii'i^i = 1) by Lemma 


(a) d = 1, k is even, t' = m — {Pk-i + Qk-i) 
or (b) d = 1, k is odd, t' = Pk-i + Qk-i 

In the case (a), n + f - dm = n- {Pk-i + Qk-i) 

If n < Pk-i + Qk-i, then ^ tiQi-i + thus St + t> 2n. 

If n > Pfc-i + Qk-i, then st = n - (P^-i + Qk-i), 
thus Si + t = 2n + m — 2(Pi._i + Qk-i) > 2n. 

In the case (b), 

n + t' - dm ^ = n + Pfc_i + Qk-i - m 

l<i<k 


lin< m-{Pk-i+Qk-i), then St = n+t'-dmY,i<i<k{-^y HiVt+dm^, 
thus St + t> 2n. 

lin>m- (Pfc-i + Qfc-i), then St = n-m + Pk-i + Qk-i- 
Thus we have done. 

Summarizing (I) and (II), we have proved the proposition. □ 


We define 5'' G P by = 0 for r; 7 ^ t and = 1. And for z/ G P, we 
dehne a{v) G P (81 Q by a{v)rj = YjLei 

Definition 4.3. Let n he an integer such that 1 < n < m — 1. Let 
n = ^ + A*J + lk^i~'~^ = ^ {h-iLi + LjJ 

3<i<k-l 2<i<k 

i odd i even 

be the X- and p- expansion of n. We define z/(n)" G lo, iy{nY G le, 
viji) E I as follows: 

Zy(n)" ^ 

3<i<k-l 
i odd 

iy{nY= Y, + 

2<i<k 
i even 

v(n) =v(nY + v{nY 


Theorem 4.1. Let n he an integer such that 1 < n < m — 1. Then 
degg^ F{—nKx) = vin)^ for all l E I 
Proof. Let z/'(n) be an element of P such that P{n)^ = deg^;^ F{—Kx). 
Put d' = [-]. Put /' and /' as follows 

/' = {{i,j) E I\i is odd and j < d' if i = fc + 1} 

I'e = I ^I'o 
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For z/ G £, define s^u) and t^u) as follows 


s(iy = 


t{iy) = Y^ 




^6/' 


L&I' 


Let C{\) be the set of elements of C satisfying the following condi¬ 
tions 

(i) t't > 0 for all z. G / 

(ii) siv) + {dm{m — a) — l}t(z^) = dm{m — a)n (mod dm?) 


By Lemma |4.1| , it is clear that v'{n) is an element of C.{\) which is 
characterized by the inequalities a{v'{n))r^ = a(z/)^ for all z/ G £ and 
for all ?7 G /. First we show 

s(z/'(n)) = s(z/(n)), t{y'{n)) = t{y{n)) 

For u E C, 

dw?a{pf/^ =/i^+^ ^ uX + Y1 

idl’^ L&Ii 

={{d -d' + l)m - (Pfc_i -h Qfc_i)}(s(z/) t{u)) 

— {(d — 2d' -\- 2)m — 2(Pk-i + Qk-i)}t{i^) 

= : a(s(z/) -h t(z/)) - /3t(z/) 


If d > 2, 

dm^Q!(z/)^,+\ ={(d - d')m - (P^-i + Qfc-i)}(s(z/) + t{u)) 
+ {( 2 d^ — d)m + 2 (Pfc_i + Qk-i)}t{i') 

= : 7(s(z/) + f(z/)) + df(z/) 


Note that a, (3, 7 , and S are all positive. 


LT| we have done for this case. 
If d= 1, 


Thus by the Proposition 


dm^a{u)g^_^ = {m-2{Pk-i + Qk-i)}is{iy) + t{iy))+A{Pk-i + Qk-Xi^) 
Thus we can use the same arguement as above. 


Next we show z/(n)^ = P{n)^ for 7 G by induction. Let rj be an 
element of Iq which is not ( 1 , 1 ). Assume v{n)^ = v'{n)^ for all t E lo 
such that L> rj. For u E C, 

dm?a{v)^i = — dm^Vri + ('S(z^) — Ui^XXr)^ 

i>r] 

+ (t(z/) + z/^pJA^i 

i>r] 
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Thus 
Note that 


u'{n)r^ > iy{n)r, 


Thus by the property of the A-expansion, we get z/'(n)^ = 
The same arguement shows v{n)^ = z/'(n)^ for all rj & If.. 


□ 


Corollary 4.2. Let n he an integer such that 1 < n < m — 1. Let 

«=+ T, ('‘-1^1 + 4)+ = E +4) 

S<i<k-1 2<i<k 

1 odd i even 

be the A- and p- expansion. 

Then 

4.+ E ( E 4*.-.+c‘)+ E Ti; 

2 odd 

+ E( E 4*.-.+ 4.) 

2<i<k 
i even 

is a general member of \ — nKx\. 

Next we treat the non-normal case. It is easier than the normal case. 


Theorem 4.2. Let n be an integer such that 1 < n < m — 1. Then 
degE^ F{-n{Kx, + A^)) = z/o(n), for all l G h 
degg, F{-n{Kx, + Ag)) = i'e{n)f for all i G k 


Proof. We only show the hrst equality since the proof is similar for 
the second one. Let F^{n) be an element of £; such that v'oin)^ = 
dege, F{-n{Kx, + A^)) for l G k- Put a{v) = for v G 

and put 


'^;(\) = ^ A A is nef, ct(z/) = \ (mod :();)} 

By Lemma v'o{n) is an element of E;(\) which is characterized by 
aX{n))r^ < a{iy)ri for all z/ G A and for all r] G k- Since = 

cr(z/) and aXin)) = n, we get (j(A(u)) = cr(z/o(u.)). Thus we can prove 
the theorem by the induction using the formula 


ma{u)^i =-mur, + uX) + i^X 

L&lo,i.>ri i.£lo,i.>ri 

similarly to the proof of Theorem WX . 


□ 
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5. Local intersection number 

As the application of the result of Section we shall prove the 
following Thorem in this section. 

Definition 5.1. For a sequence of positive integers [Li, L 2 ,..., Lj) 
and a positive integer N, we define the sequence (iV_i, Nq, Ni ,..., Nj) 
by 

N_, = No = N, Nj = LjN,_, + N,_2 (1 < J < J) 

ILe define 5((Li, L 2 ,..., Lj), N) by S((Li, L 2 ,..., Lj), N) = Nj. 

For a pair of positive integers {M,N), we define B{M,N) by 

B{M,N)=max{B{{Li,L 2 ,...,Lj),N)\ L, = M] 

i<j<J 


Theorem 5.1. Let {X, x) be a 2-dimensional smoothable semi-log-terminal 
singularity, and n a positive integer. Let D and D' be members in 
\nKx\ which do not have common components. Then 

index(X, x) < B{D ■ D' + 1, n) 

We dehne Z-valued symmetric bilinear forms O and on £ by 

(c r] e Io,i<r]) 

KXr, ihV ^ Io,l'>V) 

0 (otherwise) 


(C T] e Ie,i<ri) 

{i, r] ele,i>r]) 

0 (otherwise) 

where Jg = Ig U {{k + l,d)} in the normal case, and Ig = Ig in the 
non-normal case. 


Lemma 5.1. Let u = 1 ^° and 1 / = i/° Fi'^ be members in C. Then 
in the normal case, 

dm^{i> ■ h) ={dma — F cT(i/°)r(z/®) -|- T{io^)a{i>°) — {dma F l)r(z/®)r(z/®) 

-I- dm'^{S{u\ 9^) — 0{i/, iX)) 

and in the non-normal case, 

m(z/ ■ 9) = a{(T{v°)(T{9°) — r(z/®)r(z/®)) -|- m{£{v^, 9^) — 0{v\ 9^)) 
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Proof. First, we treat the normal case. We shall calculate the each 
term of the left hand side of 

z/ . i> = + z/° ■ h® + z/® ■ z>° + z/® ■ h*" 

We can easily get dm^v° ■ z>® = (T(z/°)r(z>®) and ■ z>° = T{v^)a{i'°). 

By the formula + drop,,, 

dm^u° = ^ z/°{A, ^ T)°pr) + p, ^ z>"A,,} 

L&Io rjGlo,ri<L 

= + dm{p, ^ h^A,, + A, ^ 

i&Io ri£lo,ri<L V&Io,r]>L 

=-a{u°)(T{i)°)+ dm'^u^{p, ^ i>°A^ + A, ^ i)°p^} 

lGIo ri£lo,ri<L »?S/o,»?>'- 

By the formula = —mX^ + aX^, we can get 


P, + Y 

ri£lo,ri<L 'n^Io,ri>i 


=aX, ■ a{y°) 
Hence we get 

= 

Simarlarly we get 

dm^u'' ■ z>^ = 


-m(A, Y P^K + X, Y Pn\ 

ri£lo,ri<L V^Io,ri>i- 


{dma — l)a{u°)a{u°) — dimfO{v^, z>') 
-{dma + l)r(z/^)r(z>®) + dm^£{y^, z>^) 


Summarizing all the above formulas, we get the hrst equality. 

Next for the non-normal case, we can get mv ■ v = aa{u)a{P) — 
mO{u, z>) for z/, z> G £;, mz/ ■ z> = —ar(z/)r(z>) -|- mS{u, z>) for z/, z> G £]. 
We leave the details for the reader. □ 


Note that u ■ u = 8{iP, z>^) — C>(z/^ P) if cr(i'°) = and = 
r(z>°) hold. 

Corollary 5.1. //z/° < z>", z/® < z>®,(j(z/") = r(z/'^), (t(z>°) = r(z>®) and 
^(z/") = f (z>®) hold, then z/ ■ z> = 0. 

Proof. This can be easily checked by the above lemma. □ 


Definition 5.2. For i 

p{i) 


{i,j) G / stic/i that f 7^ /c -|- 1, put 
+ 5^^ + {j - 
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Lemma 5.2. 


^^(<^(0°) = ^(<^(0'') = (i - i)(^*-i + Qi-i) 

a{(p{iy) = = {j - i)Pi_i 

Proof. We can get the first and the second formula by direct calculation. 

By the formula Pi_ 2 Qi-i - Qi- 2 Pi-i = (-l)b we get 

S{ip{L)\ip{Ly) = (I - Oo)^P)_oo(P)-oo + Q>-oo) 

and 

0{(p{iy, ipiiY) = (I - Oo)^V)-oc{'P)-oo + Q)-oo) - I + oo 
Thus by the above corollary, we can get the third formula. □ 

Definition 5.3. Let l = r] = (* 2 ,^ 2 ) be elements in I sueh that 

i 2 ^ k + 1, the parity of ii eoineides the one of i 2 and i < (* 2 , !)■ For 
sueh pair (t, rj), we define rj) as follows 

( —F + + X^t<(i,l)<»7 (<• G lo) 

‘lb(l, T)'] = \ ^ oddj-iT^l 

I -5^" + + E.<h,i)<. {i e Je) 

^ i even 


Lemma 5.3. Let {l, p = (i", 1)) he the pair for which fj can he defined. 
Then 


a{%lj{i,p)°) = T{%lj{i,pY) = Pi»+i + Qi"+i 


VT) = Pi"+ii vY) 


Pi"-1 Y Y (2,1)) 

Pj"_i + 1 {i = (2,1)) 




1 

1 


i even 

i odd 


Y £ Iq) 

Y e h) 


Proof. Since the calculation is the same, we show the outline of it for 
the case i G lo- We can easily calculate a, r, d, and r. Hence 

YY^pY = sypY^pY.yY^pY) - oypY^pY, YPY^pY) 

By the dehnion, 

£Yl)Y^'n)^^YY^h)Y = V)"-ooYP)"-oo + Qy-oo) 

To calculate OYPY^vYlYY^vY)) ^^ote that 

—\y + At + Qi-iPf = Ph-l + Qh-l 

i'+2<i<h 
i odd 
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and 


— Pi"-i — Ph 


h+2<i<i’' 
i odd 


for odd h such that i' + 2 < h < i". Then 

riY, riY) = - 7])°) + (-A,; + \)\ 

+ -^( ^ 

i'+2<i<i" 
i odd 


+ Qh-l{_^\{Ph-l p Qh-l) p ^{Pi"-l — Ph-l)} 


i'+2<h<i" 
h odd 


— 77)") + (—Aji + AJAt + At( qi_iX\) 

i'+2<i<i'' 
i odd 

=(~At + Pi>-i P Qi’-i)Pi"-i P {Pi'-i P Qi’-i)X^ P At(Pi"-i — Pi'-i) 

= iPi'-l p Qi’-l)Pi"-l p (Pi'-l p Qi'-l)X^ p AtPi_i 
= {Pi'-l P Qi'-l)Pi"-l + Qi'-lPi'-2 ~ Pi'-lQi'-2 
= {Pi'-l P Qi'-l)Pi"-l — 1 

and 

At(P,_i + Qh-i) P A?(P,,_1 - Ph-i) 

= {Ph-2 P Qh-2)Pi"-l — 1 

Hence 

-{Pi'-l P Qi'-l)Pi"-l — 1 + qh-l{_{Ph-2 P Qh-2)Pi"-l ~ 1} 

i'+2<h<i" 
h odd 

= ~1~ Qh-l P Pi"{{Pi'+l P Qi'-l) P (lh-l{Ph -2 P Qh- 2 )} 


i'+2<h<i" 
h odd 


i'+2<h<i" 
h odd 


Qi P Pi"-liPi"-l P Qi 




Thus we have done. 


Corollary 5.2. Let { 1 , 1 ]) be a pair for whieh fj ean he defined. Then 
VT) = VY) = f{Pi”-i P Qr'-i) 



Ti'ip^L.'nY) 


(^^(2,1)) 

(^ = ( 2 , 1 )) 




fPi"-i 
j"Pi"-l + 1 


{ ]" + (*/ ^ ^ ^o) 

3 + 2^2'+l<i<2''-l Qi (^/ ^ ^ h) 

i odd 

Proof. Note that = V’(^) 1)) + p{v)- Hence 

h)°) = h)°) + = fiPi"-i + Qi"-i) 

T, a and r are simarlarly calculated. By Corollary |5]5, YY, Y", 1)) ■ 
(p{ri) = 0. Hence 

Y{c,vf = YY, {P,i)? + p{vf 

Thus the formula follows from Lemma |5.2| and ^.31 . □ 


Definition 5.4. For {i,j) G I such that 1 < i < k — 1 and 1 < j < qt, 
we put 


Lemma 5.4. 


(^{0{i,jy) = T{9{i,jY) = j{Pi-i + Qi-i) 


(^{0{i,jY) = = 3 Pi-1 


OYY) =j 


Proof. We will only show the outline of the calculation for odd i since 
it is similar for even i. We can easily get the formulas for a, r, a and 
f. Thus by Lemma |5.1| , 

«(*,if = £(»(),1)1,«(),|)l)-0(«(),I)',»(),|)') 

By the dehnition, 

£(«(). It.so. I)') = + Q)-«,) 
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and 


^ 0 , 1)0 

_\* r\i ^*+2^ I f \i I \*+2'\\*+2 

V '^gi-i+1 + '^1 Ml 

= “ jPi-l^l^-j+i + JiPi-l + Qi-l)Pi~'^ 

=j‘^Pi-liPi-l + Qi-l) + j{.PiQi-l — QiPi-l) 

=j‘^Pi-liPi-l + Qi-l) ~ j 

Hence we have done. □ 

For a positive integer n which is smaller than m — {Pk-i + Qfc-i), we 
pnt 

i{n) = max{i|0 < i < fc — 1, P* + Qj < n} 

Proposition 5.1. IfO<n<m— {Pk-i + Qk-i), 


Pi{n) P Qi{n) 

Proof. We use the induction on i{n). If i{n) = 0, it can be easily 
checked that z/(n)^ = n. Let i be an integer such that 1 < i < k — 1. 
Assume that the ineqality holds for all n such that i{n) < i. We will 
show that the inequality holds for n such that i{n) = i under this 
assumption. We also assume i is odd since the proof is similar for even 
i. 

Write n = j{Pi + Qi) + n' such that 0 < n' < Pj + Qj. If n' = 0, we 
can check (by the dehnition of A- and /i- expansion) that 

v{n) = V’((2,l),(^ + l,j)) 

Thus by Corollary |^ , 

v{nf < j 

Hence we have done in this case. Thus we assume n' > 0. We divide the 
proof into two cases as follows (i)n' < Pj_i + Qi-i (ii)n' > Pj_i + Qi-i 
(i) Put 

r] = min{i G /eQ < i for all i' G Jg such that //(n')^/ 7 ^ 0} 

We can check (by the dehnition of A- and /i- expantion) 
iy{n) = iy{n') + fjir], {i + 1, j)) 

Since v{n')° < 'ipirj, {i + 1, j))° and v{n'Y < '^( 17 , {i + 1, j))® hold, thus 
by Corollary 13 

v[nf = v{n'f + Yiv, (i + ^,j)f 
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By Corollary and the induction hypothesis, 

i'[n)‘^(Pi + Qi) > + Qi) + j{Pi + Qi) 

> iy{n')‘^(Pi(^n') + Qi(n')) + j{Pi + Qi) 

> n' + j{Pi + Qi) 


Thus we have done. 

(ii) We can check 

v{n) = u{n) + Lp{i + l,j + 1 ) 

iy{nr < + 1, J + 1)°, Hny < + 1, J + 1)^ 

Thus we can get the inequality by the similar way to (i) using Lemma 
and the induction hypothesis, □ 

For n such that m — {Pk-i + Qk-i) < n < m — 1 , we dehne i{n) and 
j{n) as follows 

i{n) = min{z |0 < i < k — l,m — n < Pi + Qi} 

m — n 


j{n) = \ 


Pi{n) — 1 T Qi{n) — 1 


1 


Lemma 5.5. Let n, i, j be positive integers such that m — {Pk-i + 
Qk-i) <n<m — 1, i< k — 1, j < qi and i{n) < i — 1. Then 
z/(n) ■e{iQ) =j. 

Proof. We only show the proof for even i. By Lemma EH. 

v(n) ■ 1)1) - 0(K\)'.»(>. I)') 

First we calculate £^(z/(\)\ 6*(), |)^). Note that m — (Pi_i + Qi-i) < 
n < m — 1. Thus the /i-expantion of n is as follows 


n— ^ ^ 

2<h<i-2 i+2<h<k-2 

h even h even 

Since X) = m - {Pi_i + Qi_i), we get 

t>(i+2,l) 


^ iy{n)}ia, = n-m + Pi_i + Qi_i 

hG.Ie 

Using this formula and the formula Yht&h t>(i+2 i) = ct — Pi-i, 

we get 
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/.GXi ,t<(),cxD) ,i>()H-G,cxD) 

=r( u{ny^5'^ ■f{e{i,jy)+f{ Y ^{ny^'-^i^ihjy) 

= (n — m + Pj-i + Qi-i) ■ jPi-i + (a — Pi-i) ■ j{Pi-i + Qi-i) 

=j{n - m)Pi_i + ja{Pi_i + Qi_i) 

Next we calculate C>(z/(\)', 6*(), |)'). The A-expansion of n is as follows 

n = Aj^ + 9 /i-iAi + gfcAi^^ 

3<h<i-l i+3<h<k-l 

h odd h odd 

Since XI ^e/o z/(n)°A, = m - (Pi_i + Qi-i), we get 

t>(i+i,i) 

Y Jy{nyX, = n-m + Pi + Qi 
Using this formula and X f-G-fo = a — Pi-i, we can get 

t>(i+l,l) 

OM\)'.«().l)') 

=C>( 5 ; K\);'5‘.9(>.l)') + 0 ( ^ K\)!^‘.9().l)') 

lGIo lGIo 

/,<(^+l,l) /,>(^+l,l) 

=^( Y 1 Y 1 

lGIq i^GIq 

t<(2+l,l) /,>(^+l,l) 

={n — m + Pi + Qi) ■ jPi-i + (a — Pi) ■ j{Pi-i + Qi-i) 

=j{n - m)Pi_i + ja{Pi_i + Qi_i) - j{PiQi-i - QiPi-i) 

=j{n - m)Pi_i + ja{Pi-i + Qi-i) - j 
Thus we have done. □ 

Lemma 5.6. 

u{m - 1)^ = Y 

l<h<k 
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Proof. Note that A- and fi- expansion of m — 1 is as follows 
^ ~ 1 = Aq + {qh-iXi + Aq) + 

3<h<k-l 
h odd 

= ^ (Qh-iPi + Po) + qk-iPi + 

2<h<k-2 
h even 

We leave the rest of calcnlation for the reader’s exercise. □ 

Proposition 5.2. Let n he an integer such that m — {Pk-i + Qk-i) < 
n < m — 1. Then 

i[n)<h<k 

Proof. We nse the indnction on i{n). If i{n) = 0, then n = m — 1, 
Thns we have already done in the above lemma. Let i be a positive 
integer and assnme that the ineqnality holds for n' snch that i{n') < i. 
Let n be an integer snch that the ineqnality holds for this n. Pnt 
n' = n + j{Pi-i + Qi-i). Then i(n') < i. We can check 

u{n) = u{n) - e{ij) 

Thns by Lemma and we can get 

= v{nf - 2u{n) ■ e{i,j) + 

= - j 

By the indnction hypothesis, 

J^{n') > ^ qh 

i{n')-\-l<h<k 

Thns we have done. □ 

(Proof of the Theorem |5.1|) 

From Proposition and Proposition b.2|, we know the thorem holds 
if D and D' is general members in \nKx\. Thns by Corollary we 
have proved the thorem. 
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